Cauchy’s 2" Integral Theorem:

)

This theorem states that if a function @(z) = |s analytic at every point in a region

except at a point z = z, in the region R as enclosed by a closed curve C then

f(z,) = 1D 4z ie. Je %dz = 2mi. f(z,)

C z-z,

Because here for this function ¢@(z) = ffz)

it has singular point at z = z,, we can now

isolate this point z = z, by an infinitesimally small circle C;of radius r and centre at the

SN

point z = z, wherer - 0.

If we now connect these two close contours C and C; by
a very narrow channel as shown in figure where
a— b and c — d then we definitely get a close region
as enclosed by the close contour C, where

C, = C(anti — Clock) + ac + C;(Clockwise) + (ﬁ) ‘

Since @(z) is analytic at each and every point j

close region as enclosed by the close contour G, we

have from Cauchy’s 1* Integral theore 0 4
But from figure
f(z
&z J @ dz
c ¢, Z— Zo

_ f(z) f(z) f(z) b f(z)
C(anti—Clock) z—z d ZO‘Z + f C1(Clockwise) z—z, dz + fd Z—17, dz
But at limitin iti — b and c — d (Since originally both C and C;are closed) we

d f(z)

basically z=—[ —dz f:%dz
That iz + fb szzz) dz = 0. Hence from above equation we finally get

I, 0 gy 4 f® 4y — 0 oo 1)

(anti—Clock) z—z, C1(Clockwise) z—z,
But to find f (Z) dz we have the equation of the circular contour C;as C4: |z — z,| =1
Thus we have z — z, = re!® = dz = ire'®d0 . Thus we get

[, 20 gg = f, "t irei9d0 = i f, f(z, +re®)d0 where T 0

12-2, C1



Hence [ "2 dz = i J;, £(20) A0 = i.£(z,) [ d® = i.f(z,) [ de = 2mif(z,)

Thus we have from above equation (1)

f M@ 4o j @ 4z = f @) 4z = 2mi.f(z,)
C C C

(anti—Clock) Z ~ Zo 1(Clockwise) Z ~ Zo 1(anti—Clock) Z — Zo

Thus the contour integration over Cis just replaced by the contour integration over
C; when both are taken in the same sense. Hence in general we get

f. 22 dz = 2mi. f(z,)

Z—Z,

This is Cauchy’s 2" Integral Theorem.
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