Boundary Conditions at Plane Interface between two Media:

In each of the two media, let us assume that the solution of Maxwell’s equations that we
desire is a plane wave, just as in an infinite media. At the boundary between the two-
media, however, certain boundary conditions are to be met and these demand that there
be definite relations between the boundary conditions which must be satisfied by field
vectors D, B, E and H at the interface between media.

(i) Boundary Condition for Electric Displacement Vector D:

We have from Maxwell’s first equation V.D = p . We now consider the interface of two
dielectric media at which we also take a
cylindrical pillbox-like surface S composed of

S1,S,,S3 and S,as shown in figure. Integrating
over the pill-box-shaped volumeV, we get

Jy div—D)dv=fV p dv

Again by Gauss’s divergence theorem, we have

f B.dng p dv
S \%

ie. _ﬁl' ﬁlds + _ﬁz. ﬁzds + _ﬁll' ﬁllds + _ﬁlz. ﬁlzds = f P dv
S1 S2 S3 Sy \%

Where D;and D, are respective ,electric displacement vectors in medium - 1 and
medium — 2 and n;and M, are respective unit normal at those two medium with respect
to the end cross sectionsyofithe pill box as shown. If nowD is bounded, letting the height
of the pillbox h, approach,zero, the third and fourth terms of the above equation vanishes
and S; approaches Sigeometrically and the entire surface takes the form of A as shown in
figure.

Hence'in,the limit h — 0 we get limy,_,, [fsl D,.fi;ds + fsz D,. ﬁzds] = Lin(} J, pdv

If o is the surface charge density at that interface then ﬁl. ngS; + ﬁz. n,S, = cA

~
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i.e.(Dy.fi; + D,.fi;)A = oA and then also for arbitrary surface area and fi; = fi, fi,

— —
wegetD;.i—D,.i=0 ie. Dy, — Dy, =0

where D, and D,,, are the normal components of electric displacement vector in the two
media. Thus we conclude that the normal component of electric displacement is not



continuous at the interface but changes by an amount equal to the free surface charge
density at the interface.

(ii) Boundary Conditions for Magnetic Induction B:

We have from Maxwell’s second equation is B=0. Again by taking volume integral over

the entire volume of pillbox, we getfV divBdv=0

Using Gauss’s divergence theorem gﬁs B.dSs=0

ie f
S

Considering h — 0 as in earlier part, we note that third and fourt vanish while

ﬁl.ﬁlds +f

ﬁz.ﬁzds +f
S2

—B)’l.ﬁ’lds+J B',. fi%ds
S3

1 S4

S; and S, approach each other; so that in the limit h — 0, we get 'S

®
f (_ﬁl'ﬁl + _ﬁz.ﬁz) ds = O(S- (\ A)
\Y ‘

Since surface is arbitrary, we get ﬁl. iy + B,. M=

For ii; and fi, in opposite sense —n'and then we get

ﬁlﬁ—§2ﬁ=0 i.e.B1n=

continuous across the interfa

tric Intensity Vector E:

. . = 9B
third equationis curlE = ~ o

9B . .
5 -1 ds. Now by using Stroke’s theorem we get

.ﬁdsorf E1.dT+J EZ.dT+J E.di:—J — .fids
ab cd bcand da S at

If the loop is now shrunk by taking h — 0 then along the interface the contribution to the

integral from sides bc and da will vanish i.e. lim,_, fbc and da Edi-0



And also the surface integral on R.H.S. of above equation tends ze ided

that(g—f)is finite everywhere. Thus in the limit h — 0, we get

U El.df+f Ez.dilzo Or Eql—El =0 Wie. By = Ey
ab cd

®
where E;; and E,; are the tangential components N field in the two media.

Here E,; = Eq; represents that tangential com must be continuous across

the interface.

(iv) Boundary Condition for Magneticiie tensity H:
Also we have from Maxwell’s f% is curl H = i + aa—]:
|

Again by taking the surface integral over rectangular loop abcd we get

fs curl H.fids = .n ds. Using Stoke’s theorem we get

s R — > —1 =4 I .3 =4 ﬂﬁ ~
§  H.dl fdsor [, Hydi+ [ Fydi+[  Hdl=] (]+a>.nds

If t taken compressed along the interface we get in the limit h - 0,

. = 2 . D .
limy o [, 50, 4, H-d1 > 0 and}ll_{%fa.nds -0

oD S
i.e. T is bounded everywhere and Lin(}f J.ds - Jg,1
S

Where J5, represents the components of surface current density perpendicular to the
direction of H-component which is being matched.

The idea of surface current density is closely analogous to that of a surface charge density
it represents a finite current in an infinitesimal layer. Then in the limit h — 0,



f ﬁ. di + f ﬁ. di) == ]SJ.l Ol‘ Hltl - HZtl = ]SJ.l i. e. Hlt - HZt = ]SJ_I
ab cd

Thus the tangential component of magnetic field intensity is not continuous at the
interface; but changes by an amount equal to the component of the surface current
density perpendicular to tangential component of H.

If the surface current density is zero unless the conductivity is infinite; hence for finite
conductivity J¢ =0; soH;; — H,; =0 i.e.Hy; = Hy

That is for one medium has infinite conductivity the tangential componen agnetic
field intensity is continuous.
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