Elasticity

1. Several Elastic Modules for Elastic Body:

Since for elastic behavior of the body, we have from Hooke’s law

__ Stress
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Stress « Strain = Stress = k,.Strain = k, = (Wnthm elastic limit)

We can have several elastic modules for several strain developed to the body: e elastic
modules are now given below

a) Young’s Modulus: This is defined by the ratio of tensile st
deformed body to the longitudinal strain within elastic limit.

aveloped in the
by Y and thus
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mathematically it can be writtenas Y = T
LongitudinalStrain

b) Bulk Modulus: This is defined by the ratio of sttess de
the volume strain or bulk strain within elasti

oped in the deformed body to
t is denoted by B and thus
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wherN ssure and other symbols have their usual
for i ressure P of that elastic body if the excess

mathematically it can be represented as

press be replaced by additional pressure AP, we then
. _ AP (AP . .
|I&Iy have B = — vy = V(AV) which is another

Nepresentation of Bulk modulus. For this Bulk modulus we
should note that

i) Ther Im\is Bulk modulus is called Compressibility. It is mathematically given by
C= 1 _ 1 (AV)
"B  V\AP

ii) The isothermal Bulk modulus is equal to the initial pressure of that system. So in that case
we have Bsoihermar = P = Initial pressure of the system

ili) The adiabatic Bulk modulus is equal to the initial pressure multiplied by y (E %) of that
\%

system. So in that case we have B, 4iapatic = YP = VY X Initial pressure.



c) Shearing Angle or Angle of Shear:

When a tangential force is applied to a body then the i X

angle of rotation of the transverse surface of that _}r’r A
body with respect to the applied force is called angle
of shear or shearing angle. It is denoted by ¢ and it is
in general small. The significance of this shearing
angle is that it will give the direct estimation of the Fixed Face
shape strain of the body under application of the |

external tangential force. So we should have
Shape strain = ¢ = tang \v

This shearing angle is a dimensionless parameter which is expresse ctical unit of
radian. It can also be shown that for the shape strain of the body under engential force, this
shearing angle is twice the longitudinal strain of the diagon a square type body.

d) Modulus of Rigidity: \
This is defined by the ratio of stress developed i ormed body to the shape strain

within elastic limit. It is denoted by 1 and thus atically it can be represented as
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e) Axial Modulus:
This is defined by the ratio of ile developed in the
deformed body to the longi ithout any lateral
limit.

strain within elastic

mathematically it can

2. Poisson’s Ratio:

For an elastic body, if linear or longitudinal strain be made to a body, then along with that
longitudinal strain of that body, lateral strain will also appear in the transverse sense. The
ratio of that lateral strain to the longitudinal strain within elastic limit is called Poisson’s
ratio. It is an elastic constant which is denoted by o.



For mathematical representation of this ratio, let us now consider a cylindrical body of radius
r and length 1. If its length is made increased to (1 + Al)
then its radius will reduce to (r — Ar). In that case, we
have

(r— Ar)—r  Ar
r or

A+AD-1 _ A
— =

lateral strain =

And longitudinal strain =

Hence Poison’s Ratio of that elastic bo

lateral strain r/.

¢ = longitudinal strai A /l

The basic characteristics of this ratio are Q®

i) It is an elastic constant but not an elastic modulus. ®

li) It has no unit or dimension

iii) It can never be negative

iv) For volume of the body constant, the maximum value of it is 0.5

v) For an elastic body without any shapéistrai ically we have 0 —» o

vi) It has mathematical limit of magnitud 1 <56 <0.5 but in reality we have
0<0<0.5

vii) It can never be zero in realit

3. Relation among SeveralgElast es:

The relation among several elasti dules can mathematically be derived. These relations

are now given by

Y =3B (1 - 20)

B 1
3_: (+O’)_)

B,o relation Y=2n1+0)—-:Y,n,6 relation,
. Y(1-0)
X= (1+6)(1-20)

X, Y, o relation and

Here we consider a cylindrical body having radius r and lengthl. So the volume of that
cylindrical body will be V =mr?l and in that case the volume change is given by
AV = m(r?Al + 1. 2rAr)
2
AV m(r?Al+12rAr) N\ (g + Zf)

Thus for such elastic body, the volume strain willbe — = >
\% Tr=l \% 1 r



r
Again we have Poisson’s ratiois givenby 6 = — +—F = —= —0—.

AV Al .. . .
Thus we can have Era (1 — 20) . This is the general relation between volume strain and

longitudinal strain of an elastic body. From this relation we also see that if the volume of that
elastic body remain constant i.e. volume strain of that body becomes zero than we should

have AV =0 =>%=AT1(1—20')=0 and 1—206=0 andfinally(r:%.

Hence the conclusion is that if the volume of an elastic body remains consta oisson’s

L. 1
ratio will be >

5. Theoretical Negative Value of Poisson’s Ratio:

For simple consideration, if we take that for elasticity, o’the body remains
unchanged i.e. no gshape c e occurs then the
corresponding she be zero and the modulus

of rigidity of th ium will be infinite. Because

since, modu ity is given by 1 = % then

for 0 = ave q — oo . Again for elasticity, we have
useful relation among elastic module,

Y
we have for0=0,n = et
he +0=0=>0=-1.

Thus we see that mathematical shape of the body remains unchanged then Poisson’s

ratio will be —1.

6. Derivation,of Ma atical Limit of Magnitude of Poisson’s Ratio:
For elasti e two most useful relations among elastic module, which are
Y =2q an Y=3B(1—-—206) , and in that case we can write down

1+0
1-20 "

B(1- (1+o):>;—B:

3B 1+0 1-(-o
Again we have — = )
2n 1-20 1-20

negative. Thus from this relation we should have —6 <1 and< 1. Thatis —1 <o and

= positive because elastic module can never be

1 . . 1
o< 5" Again we know that for volume of the elastic body constant, ¢ = 2 and for no shape

change, 6 = —1. So in general we should have —1 <o < % This is the mathematical limit

of magnitude of Poisson’s ratio.



Solved Problems

1. A solid block is 5 cm X 5 cm X 2 cm when unstressed. A force of 0.25 N acts tangentially
on the upper face and displaces it by 0.5 cm relative to the fixed lower surface as shown in
the figure. Find the (i) shearing strain, (ii) shearing stress and (iii) shear modulus.

Ans: (i) Shearing strain, 0 = A _%_p.25
L 5cm

(i) Shearing stress = ; = 25(:(';5)_4 =100 Nm?2 5cm / E

(iii) Shear modulus

1
X

£ 0
Shearingstess 100 o 0.5 cm
= = = 4 N -2 )
Shearingstrain 0.25 00 Nm ~

-
2. A composite wire of uniform diameter 3.0 mm \ copper wire of length 2.2 m
and steel wire of length 1.6 m stretches unde bya0.7 mm. Calculate the load, given
11

that young’s modulus for copper is 1. d that for steel is 2.0 x 10'1Pa.

(1Pa=1Nm™2)

Ans: For copper wire L¢ = 2.2 10'Nm?;

For steel wire, Lg=1.6m, m~2andAL¢; + ALg= 0.7 mm = 7 X 10™*m

r=§x10—3=1.5x1

Stress L

. A
FromY = - =YXStrain=Y xX—.
Strai L
The stress is equal for the composite wire
AL AL Ys L 2x1011 22
Hen C=Yg—0r —<=2xS=""—x="=25andAL; = 2.5 ALg
Ls AL  Y¢ Lg  1.1x1011 " 16

But AL+ ALg=7x10"4*0r 2.5ALg+ALg=7 x107*

Thus ALy =2 x 10™*m and AL; = 5 x 10~*m.

F oL AL
FromY. = — .—< So we get F=Yc><1tr2><L—c

mr? A_Lc C



5x107*
F=1.1><1011><3.14><(1.5><10‘3)2><T=176.8N

3. A copper wire of length 5.0 m and cross sectional area 2.0 mm? elongates by 2.5 mm

when subjected to a stretching force. Find the density of elastic potential energy stored in

stretched wire. Young’s modulus of copper is 1.20 x 101'Nm™2.

Ans: Given: L =5.0m,A = 2 X 10 °m?,AL = 2.5 mm.

. AL 2.5x1073
Strain = T =5 - 0.5%x1073

And Stress = Y X Strain = 1.20 X 1011 x 0.5 X 1073 = 6 X 10’Nm

Density of elastic energy stored in the wire Q®
®
1 : 1 7 4 3
=§><Stress><Stram=E><6><10 XOIE\ .5x10*Jm~

4. What is the density of water at a depth w e pressure is 80.0 atm? Given that its
density at the surface is 0.0 ? Compressibility of water is
45.8 x 10" 11Pa~1;1 Pa = 1 Nm2

re
2
1pa—1,

_p _ 103x10° -3 -3
T 1-AV/V ~ 1-3.665x103 1.034 x 10~ kgm

ame materials have their lengths in ratio of 2 : 3 and radii in the ratio of
tio of the stretching forces acting on them when (i) Strains produced in both

. Li 2 r; 2
Ans: Given: L => L =ZandY, = Y,
Ly 3 r 1
F L, Fp 1L F, Ly L1 Ly , . Fp _r} 4
FromY=— .— (i) 5 .—=-—5 .—=,But — = —=(given) — == =-
mrZ AL (i) nr? ALy mr? ALy’ AL1 ALy (8 ) b 2 1

WwF P L, 4. 3 6 I F, Fi 1 4
iij)—===5%.—-=-X-=-. (AsAL; = AL iiil— = —=Sand then === =-
( )Fz 2L 1702 1 (As ALy 2) | )nrlz — dthe R o2 1



6. Calculate the value of Poisson’s ratio of the material of a wire whose volume remains
constant under an external normal stress.

Ans: Let LandR be the initial length and radius of the wire.

Volume of the wire V = mR?L = constant.

Differentiating both side 0 = Tt(2RAR X L + R2AL). Dividing by R2L we have 2=~ 4+ 2 = ¢

2AR AL AR/R

1 L - . .

== Tand AL E(Negatlve sing only indicates that as the length increas ius
decreases) Hence Poisson’s ratio 0 = 0.5. ‘
7. A cube of copper of edge 10 cm is subjected to a hydraulic ss of MENmM 2. Calculate
the (i) change in volume of the cube and (ii) volume strain. gBullkymodulus of copper
(B) = 14 x 10'°Nm 2 ®
Ans: Given:1 = 10 cm, P = 108Nm~2(i) From Bulk m@dulus, &, —rastress (7)

Volumestrain
Volume strai 1x1074

AV

Thus 7.1 x 107* = —=

(ii) Volume strain = %wherev =103

X m3 =0.71 cm3

8. Two wires of diameter0.25 cmjeach, one made of steel and other

shwn in the figure. The loaded length _

t of brass wire is 1.0 m. compute the
ss wires. Young’s modulus of steel 2.0 X 1.5m| Steel

lus of brass 0.91 x 1011Pa
B 4ks

1m|Brass

L

made of Brass are loa
of steel wire is 1.
elongations of ste
10'1Pa, Yo

_ Mgl
mrZAL ’ T 2y’

Ans: Fr

For steel wire Total load = 6 + 4 = 10 kgwt

AL 10x9.8x 1.5 i sx10-t
T314x(0.125x 1022 x2x 1011 m
For brass wire AL = 6981 =1.3x10"*m

3.14x(0.125x10-2)2x0.91x1011



9. A 10 m long rubber string is suspended from a rigid support at its one end. Calculate the

extension in the string due to its own weight. The density of rubber1.5 x 103kgm3.Take

g = 10 ms™2. Young’s modulus of rubber= 5 x 10°Nm2,

Ans: Tensile stress= E = % = % =Lpg=10x1.5x103x 10 = 1.5 x 105Nm™2.

N . AL
Longitudinal strain= 0

From Y = 22 — 1.5 x 10° x A—LL weget AL=

1.5x10°x10 _
Strain -

5x106

10. Compute the bulk modulus of water from the following data: Initié Ume's, 100:07itre,
Pressure increase = 100.0 atm, Final volume = 100.5 liter. Compare the b

with that of air. Explain in simple terms why the ratio is so Iarge‘ °

Ans: Given: AP = 100 x 1.013 X 10°Nm~2; AV = 10’) % .5 litre
V. _ 101.3x10°x100
AV 0.5x10-3

dulus of water

Bulk modulus of waterB,, = AP x 10°Nm 2

The bulk modulus of air at constant tem =1.013 X 10°Nm2

[As PV = Constant, + VAP = 0,AP . (V/AV) = P]

By _ 2.026x10°
B, 1.013x105

air is highly compressible.

Thus 2 X ratioyis as large as water is almost incompressible but

11. A wire of length d éoss sectional area 1.5 mm? gets elongated by 1 mm when
loaded weight W.

length 3 man

elongation produced in another wire of the same metal but of
section 3 mm? when loaded by the weight 5 W.

FL AL F,L A1Y F; L 5w 3 1.5
= LAz _Dlz AX 2l M ophys 23

AL =—, - = =
AY ALy AY T FL;  F Ly A, w 257 3

Ans: Fr

Soweget AL, =3 XAL; =3 X1 =3 mm



